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Supporting Information Text
A. Proof of Lemma 2. We first give the decomposition of the excess risk.

Lemma S.1. The excess risk of the minimum norm estimator satisfies
R(O) =E. (¢ (6" —6))" < 20" BO" + 2" Ce,
and
E..cR(A) > 6* T BO* + o> tr(C),

where

B (1 X" (xxT) X) s (I -xT(xxT)™ X) :
o= (xx")'x=x" (xx7) .
Te*

Proof. Sincee =y —x has mean zero conditionally on z,

R(0) =E,, (y - xTé)Q —E (y - mTQ*)2
_ ]Era;,y (y . :UTH* +IT (9* . é))Q _E (y . mTG*)Z
—E, (z' (0" —0))".
Using Eq. [1], the definition of ¥, and the fact that y = X0* + ¢,
R(0) =E, (mT (1 X" (xxT)™ X) 0~ X" (xx7) 6)2
< 2F, (mT (1 -xT(xxT) X) 9*)2 4 2E, (gcTXT (xx™)™ 5)2
=207 (1 X" (xxT)! X) = (I -XT(xxT) X) 0" +2¢7 (XXT) ' x2XT (XX ) e
=20""BO" +2¢ Ce.
Also, since € has zero mean conditionally on X, and is independent of x, we have
EueR(0) = Eqe {(J (I X" (xxT)! X) 0*)2 + (xTXT (xxT)™ 5)2}
—o7 (1 -xT(xxT)™ X) b (1 X" (xxT)™! X) 0" + tr ((XXT)‘1 xex" (xxT)'E [eeT’X])
> 60" " BO" + o2t (C).

O

The following lemma shows that we can obtain a high-probability upper bound on the term &' Ce in terms of the trace of
C. It is Lemma 36 in (1).

Lemma S.2. Consider random variables €1, ... ,en, conditionally independent given X and conditionally o2 sub-Gaussian,
that is, for all A € R,

Elexp(Ae;)|X] < exp(a°A?/2).

Suppose that, given X, M € R™™ 4s a.s. positive semidefinite. Then a.s. on X, with conditional probability at least 1 — e,

€' Me < o® tr(M) + 202 || M ||t + 20> \/||M|2¢2 + tr (M?2) ¢.
Since ||C|| < tr(C) and tr(C?) < tr(C)?, with probability at least 1 — e,

€' Ce <o tr(C)(2t + 1) + 20°\/tr(C)2(12 + t) < (4t + 2)o” tr(C).

Combining this with Lemma S.1 implies Lemma 2.
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B. An Algebraic Property. .
Lemma S.3. Suppose k < n, A € R™*™ is an invertible matriz, and Z € R™** 4s such that ZZ " + A is invertible. Then
Z'ZZT +A)PZ=(U+2"A2)'ZTATPZU+Z2 AT Z)
Proof. We use the Sherman—Morrison—-Woodbury formula to write
(ZZT+ AV = AT AT ZU+ 2T AT )T ZT AT [S1]

Denote My := ZT A™'Z and My := ZT A=2Z. Applying Eq. [S1], we get
2
727227 + A2z =27 (A—1 —ATZ(I+ ZTA‘IZ)‘IZTA_I) 7z

2
=2z (A‘1 —AT'Z(I+ Ml)_lzTA_1> Z

A (A’Z CATZ(I 4+ M) ZTAT AT (T4 M) 2T AR
+A’1Z(I+Ml)’lzTA’2Z(I+Ml)’lZTA’1>Z

= My — My(I+ My)~'My — My (I + My) ™' My + My(I+ My) ™ Ma(I + My) ™ My

= My — Mo(I + My) "My — My (I + M) Ma(I — (I + M)~ " M;y)

= Mo(I 4+ My)™" — My(I+ M) ' Ma(I + M) ™!

= (I + M) "Ma(I+ M1)™,

where we used the identity T — (I4+M;)™"M; = (I+M;)™" twice in the second last equality and the identity I — M (I+M;)~! =
(I + M1)™! in the last equality. O

C. Proof of concentration inequalities. We use some standard results about sub-Gaussian and subexponential random variables.
First of all, we need the following direct consequence of Propositions 2.5.2 and 2.7.1 and Lemma 2.7.6 from (2):

Lemma S.4. There is a universal constant ¢ such that for any random variable & that is centered, o sub-Gaussian, and unit
variance, £2 — 1 is a centered co?-subexponential random variable, that is,

1
Eexp(A(E* — 1)) < exp(c?o*N?) for all such X that |\| < ey
o

Second, we are going to use the following form of Bernstein’s inequality, which is Theorem 2.8.2 in (2):

Lemma S.5. There is a universal constant c such that, for any independent, mean zero, o-subexponential random variables
&i,...,&N, any a = (a1,...,an) € R", and any t > 0,

t2 t
P >t ] <2exp | —cmin ~ , .
o2 E i a? 0MaAX1<i<n i

Corollary S.6. There is a universal constant ¢ such that for any non-increasing sequence {\;}i2, of non-negative numbers
such that Zzl Ai < 00, and any independent, centered, o-subexponential random variables {&}21, and any x > 0, with

probability at least 1 — 2e™*
Z Xi&i| < comax | xA1, /xz A2

Corollary S.7. There is a universal constant ¢ such that for any centered random vector z € R"™ with independent o>
sub-Gaussian coordinates with unit variances, any random subspace £ of R" of codimension k that is independent of z, and
any t > 0, with probability at least 1 — 3e™*,

N

Z aifi

i=1

Hz||2 <n+ 602(t + vnt),
e z||® >n — co®(k +t + Vnt),

where Il is the orthogonal projection on £ .
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Proof. First of all, since [|z[|> = Y7 27 — a sum of n o*-subexponential random variables, by Corollary S.6, for some absolute

constant ¢ and for any ¢ > 0, with probability at least 1 — 2e ™,
‘HZHQ — n‘ < co® max(t, vVnt).
Second, we can write
Mg 2|® = ||2)* = Mg z|*

Denote M =11, T ,1 . Since |[M| = 1 and tr (M) = tr(M?) = k, by Lemma S.2, with probability at least 1 —e~",

IMgoz|® =2" Mz

<%k + 2%t + 202/ 12 + kt

<o®(2k + 4t).
Thus, with probability at least 1 — 3e™*

llzl|* <n + co® max(t, V/nt),
ML z|* 2l2l| — o® (2K + 4t)
>n — o2 (2k 4 4t + cmax(t, V/nt)).

O

Lemma S.8 (e-net argument). Suppose A € R™*"™ is a symmetric matriz, and N, is an e-net on the unit sphere S™* in the
Euclidean norm, where € < % Then

Al < (1 —€) 2 max |z Az|.
€N

Proof. Denote the eigenvalues of A as A1,...,\, and assume |[\1| > [A2] > -+ > |An|. Denote the first eigenvector of A as
v € S"7! and take Av € R™ such that v + Av € A, and ||Av|| < e. Denote the coordinates of Av in the eigenbasis of A as
Avi,...,Av,. Now we can write

|(v + Av)TA(v + Av)| = |\ 4+ 2\ Avy + Z /\iAv?

i=1

= A\1|- |1+ 240 + Av? +Z;)\—1Av§
> A1) - |14 240 + AT — ZAvf
1=2

= M| - |1+ 2801 + Avf — [|Av||? + Ao}

= A1l [1+2 (Avs + Avd) — [|Av|?]

> Mf - [1 42 (=[|A0]| + (=] Av])*) — [|Av]?|
= M| - 1= 2| A]| + [|Av]?|

> M- 1= 26+62|

= A1 - e,

where the first inequality holds because the \;s are decreasing in magnitude, and the last two inequalities hold since the
functions x + z® and 2z + 2” are both increasing on (—3,00) and Avy > —||Av|| > —e > —1. O

We restate Lemma 4.

Lemma S.9. There is a universal constant ¢ such that with probability at least 1 — 2e~"/°,

1
p Z)\i —cdin < pn(A) <pi(A) <e <Z i + )\171) .
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Proof. For a fixed vector v € R"™, Proposition 2.6.1 from (2) implies that for some constant ¢; and any ¢ the random variable

v 2 is c1]|v||?02 sub-Gaussian. Thus, for any fixed unit vector v, as v' Av = DY (v 2)?%, Lemma S.4 and Corollary S.6
—t

imply that for some constant co with probability at least 1 — 2e™",

v Av — Z)\i < cza'i max ()xlt, y/tZ)\?) .

Let N be a i—net on the sphere S" ! with respect to the Euclidean distance such that |N| < 9". Applying the union bound
over the elements of A/, we see that with probability 1 — 2e™?, every v € N satisfies

UTAva)\,' < cooomax | Ai(t+nin9), /(t+nln9)2)\f

Since NV is a +-net, by Lemma S.8, we need to multiply the quantity above by (1 —1/4)"* to get the bound on the norm of the

A—-1T, ZZ Xi. Denote
0= M(t+n9) + [(t+nin9) Y A2

Thus, with probability at least 1 — 2e™*,

< c3030.

A—InZAi

When t < n/cs we can write t + nln9 < csn, and we have

O<ecs | Min+ /nZ)\f
< csAin+ l(ch\ln)Z)\l

1
< o2 Ai
S Ce0y in+ 2C3U% Z )

A

by the AMGM inequality. (Recall that ci,cz,... denote universal constants with value at least 1, and o, > 1/c¢7 is the
sub-Gaussian constant of a random variable with unit variance.) O

D. Proof of Lemma 8. Fix ¢ > 1 with A\; > 0 and 0 < k < n/c. By Lemma 5, with probability at least 1 — Qe /1,

prr1(A—i) < (Z Aj+ >\k+1n> ,

i>k
and hence

e,z

c1 (Zj>k Aj+ )\k:+1n)

ziTA:}zi >
By Corollary 1, with probability at least 1 — 3™,
I, zi||* > n — ao2(k 4t 4+ Vtn) > n/ca,

provided that t < n/co and ¢ > ¢o for some sufficiently large co. Thus, with probability at least 1 — 5e~"/e3,

n

s (Zj>k Aj+ Ak“”)

T 4—1
2y AZjzi 2

hence

c3 (Zj>k Aj+ )\k+1n)
)\in
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Dividing A7z, A~?z; by the square of both sides, we have

MNalA2 [ (Zj>k A+ Ak+1n> ) Z A2
1+ /\iziTA:izi)Z - Ain + (ziTAiizi)z'

Also, from the Cauchy-Schwarz inequality and Corollary 1 again, we have that on the same event,
ziTA:fz,- < zz-TA:le
(] AZjzi)? — HAjzz Nzl
1 1 1

= >
lzill> = n+ac?(t++v/n ) an’

Choosing c suitably large gives the lemma.

E. Proof of Lemma 9. We know that, for all ¢ <mn, P(n; > t;) > 1 — 6. Consider the following event:

n 1 n
E:{zm<22ti}v

and denote its probability as cd for some ¢ € (0,6~ '). On the one hand, by the definition of the event, we have

n 1 n
IO
i=1 i=1
On the other hand, note that for any 4,

E[nile] 2E[til{;,>t;}nE]
=t;P({n: > t:;} N E)
>t (P{m > t;} +P(E) - 1)
Z ti(C — 1)6
So

E [M in} > (c— 1)5§n:tu
1= i=1
JLEZ"Z] l—C iti.
i=1

Thus, we obtain

P <i’rh < ;ih) =cd < 20.
=1 =1

F. Proof of Lemma 11. We can write the function of [ being minimized as

Ly M _ n Z
o (e e (2))? bn )\k*+17’k* %))
> Zmln bn/\z
b’ (A1 (£))2
b )\2
t GO
£ Guane O
-
1 bn\?
= — + —1’
izzl bn ; Ak 1mi= ()
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where [* is the largest value of ¢ < k* for which
2
1 < bnA; y
bn = (Apsy1re-(3))
since the A? are non-increasing. This condition holds iff

> Ak*ﬁ-ﬂ'k* (E) )

i 2 bn

The definition of k* implies ri+_1(X) < bn. So we can write

Zi>k* Ai

re=(2) =
ke () e i1
_ Zi>k*71 Ai — A
Ak* 41
e
3 “—(ree—1(3) — 1)
k*4+1
A
< bn — 1),
)\k*+1( )
and so the minimizing [ is k. Also,
Disk M _ Disk M __ 1
Nergrris (2))7 (Do Ai)® B (2)

G. Eigenvalue monotonicity. Recall (half of) the Courant-Fischer-Weyl theorem.

Lemma S.10. For any symmetric n X n matriz A, and any i € [n], pi(A) is the minimum, over all subspaces U of R"™ of
dimension n — i, of the mazimum, over all unit-length u € U, of v Au.

Lemma S.11 (Monotonicity of eigenvalues). If symmetric matrices A and B satisfy A < B, then, for any i € [n], we have
pi(A) < pi(B).

Proof. Let U be the subspace of R™ of dimension n — 4 that minimizes the maximum over all unit-length u € U, of " Au, and
let V' be the analogous subspace for B. We have

pi(A) = max u' Au (by Lemma S.10)

weUi|lul|=1
< max v Av (since U is the minimizer)
veV:||v||=1
< max v Buv (since A < B)
veV:||v||=1
= pi(B),
by Lemma S.10, completing the proof. O

H. Rank facts. The quantity 79(X) is an important complexity parameter for covariance estimation problems, where it has
been called the ‘effective rank’ (3, 4). Earlier, ro(X?) was called the ‘stable rank’ (5) and the ‘numerical rank’ (6), although
that term has a different meaning in computational linear algebra (7, p261).

We restate Lemma 1.

Lemma S.12. 7(X) > 1, r2(Z) = ri(Z?)Re(X), and ri(5?) < (D) < Rip(B) < ri (D).

Proof. The first inequality and the equality are immediate from the definitions. Together they imply Rx(X) < r2(X). For the
second inequality,

Zi>k )\f < Akt1 Zi>k Ai

Tk(ZQ) = < = Tk(Z).
At A1
Substituting this in the equality implies 7 (3) < Ry (X). O

Lemma S.13. Writing v, and Ry for rx(X) and Rx(X2),

1 1
1 Ry ri
Rt 1—(2—- 1)L .
Tk ) Tk

Thus, the function ¢(k) = k/(b*n) +n/Ry satisfies the monotonicity property ¢(k + 1) > ¢p(k) whenever ri > bn > 1.
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Proof. Writing
g= Y M. os= Y N
i>k+1 i>k+1

so that Rxi1 = s?/q, we have

1 1 XNyutg q

Ri  Rit1 (M1 +5)° 82

(Ai-u + Q) s? — q ()\k+1 + 8)2

52 (Aer1 + )

1 g1 (Akyr +2s)
i 52 (Aet1 + )
1 2 ()\kJrl + S) — Ak+1
z B Rk ()\k+1 + S)
1
Th

<

o 2 — 1/Tk
Riyami

Hence
1 1/Ry—1/r}
R - 1) 1
1 (2 - a) m

Sincerpy >1,0<1—(2—-1/r) /r <1, 50

and if rp > bn,

b*n Rk+1 b%n Ry,
1_=
bn 12
>0

I. Conditions on eigenvalues. In this section, we prove the following expanded version of Theorem 2.
Theorem S.14. Define Mg n := pux(2y) for all k,n.
1 If Mo = k7 In"P((k + 1)e/2), then X, is benign iff « =1 and 8 > 1.

2. If Ao = k= OFn) then B, is benign iff w(1/n) = an = o(1). Furthermore,

R(O) =© (min{ ! + an, 1}) .

ann
3. If
k™ ka < Pn,
)\k:,n = .
0 otherwise,

then X, is benign iff either 0 < a < 1, pp, = w(n) and pp, = o0 (nl/(l_a)) ora=1, p,=e’VY" and p, = ™.

4. If

Ve +en  if k< pn,
AIc n —

0 otherwise,

and vi = O(exp(—k/T)), then L, with ||S,|| = 1 is benign iff pn = w(n) and ne °™ = e,p, = o(n). Furthermore, for
prn = Q(n) and €xpn = ne” "

R - 0 <p +1, I/ (enpn) | max{l, n}) ,

n n n pn
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5. If
1 ifk < sp,
Akn = S €n if Sn < k < pn,
0  otherwise,

with €, > 0, then 3y, is benign iff sn = o(n), pn = w(n) and €npn = o(n).

6. If

1 ifk =1,

. 1462 — 20 cos(km/(pn + 1))
" 1462 — 20 cos(n/(pn + 1))

0 otherwise,

)\k:,n: lf1<k§pn7

with 0 <1 and €, > 0, then X, is benign iff pn = w(n) and e,pn = o(n).

Theorem S.14(5) shows that the isotropic case is not benign (with s, = p,) and that the equicorrelation case is benign
(with s, = 1), provided that the correlation coefficient is sufficiently small. Theorem S.14(6) shows that the covariance matrix
for a length p,, sample path from an MA(1) time series model (see, for example, (8, 9)) is not benign (with €, = 1), and that a
spiked MA(1) model is benign, provided the MA(1) variance, €5, is sufficiently small.

We build up the proof in stages. First, we characterize those sequences of effective ranks that can arise.

Theorem S.15. Consider some positive summable sequence {\; }$21, and for any non-negative integer i denote

i = )\;Lllz)\j,

J>i
Then r; > 1 and Zl r;l = 00. Moreover, for any positive sequence {u;} such that Zzo u;l = oo and for every i u; > 1, there
exists a positive sequence {\;} (unique up to constant multiplier) such that r; = u;. The sequence is (a constant rescaling of)

k—2
A = u,:il H(l — Uy 1).
i=0
Proof.
Z >\i :Z)\z _)\k = (1 —7‘;_11)2)\1.
i>k+1 i>k i>k
Thus,

Z i _H (1-r") ZA“

i>k+1 i=0

which goes to zero if and only if ZZ T, ! = 0. On the other hand, we may rewrite the first equality in the proof as
Nep17 = Mere—1 (1 — 721,

and hence

/\krk,1 H 1 —T )\17“0
=0

So for any sequence {u;} we can uniquely (up to a constant multiplier) recover the sequence {\;} such that r; = u; — the only
candidate is

k—2
e =up 'y H(l —u ).
i=0
However, for such {\;} one can compute
k k-1
-l
i=1 i=0
so the resulting sequence {\;} sums to 1, and
k—1
Tk = )‘1;+11 ZAi = >‘13+11 H(l - ui—l) = Uk-
i>k i=0
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Theorem S.16. Suppose b is some constant, and k*(n) = min{k : rr, > bn}. Suppose also that the sequence {rn} is increasing.
Then, as n goes to infinity, k™ (n)/n goes to zero if and only if rn/n goes to infinity.

Proof. We prove the “if” part separately from the “only if” part.
1. If k*(n)/n — 0 then r,/n — co.
Fix some C' > 1. Since k*(n)/n — 0, there exists some N¢ such that for any n > N¢, k*(n) < n/C. Thus, for all n > Ng¢,

E*(|Cn]) <m,
Tn 2 Tr*(|Cn)) = bl_CnJ.

Since the constant C' is arbitrary, r,/n goes to infinity.

2. If r,/n — oo then k*(n)/n — 0 .

Fix some constant C' > 1. Since r,/n — oo there exists some N¢ such that for any n > N¢, r, > Cn. Thus, for any
n > CNc/b

Trnb/c 2> bN,
E*(n) < [nb/C1.

Since the constant C is arbitrary, k*(n)/n goes to zero.

Theorem S.17. Suppose the sequence {r;} is increasing and rn/n — 0o asn — co. Then a sufficient condition for —0

Rk*( )
18
-2 -1

re . = o(ry —rk;ll) as k — oo.

For example, this condition holds for r, = nlogn.

Proof. We need to show that
2
no ”Z»k*(n) Al _ nzi>k*(n) A

Rk:* n B 2 )\2* ,,,.2*
) (Zi>k*(n) )\i) k()17 k7 (n)

2N
A2 3

k417K

— 0.

Since 74+ (ny > bn and lim, o k*(n) = oo, it is enough to prove that — 0 as k goes to infinity. Since

1
AktoTbt1 = Aeg1re(l — 7 ),

we can write that

kti—1
Ak 1-41Th+l = Akt1Tk H (1- Tfl)
i=k
k-1
< Ak+1Tk €XP (— Z 7"2-1)
i=k

which yields

A ki1
k4141 —1 —1
Lgrkﬂexp — E r; .
Ak+1Tk —

i=

Thus, we obtain

Zmﬂf - -1
mﬁmz:i exp 22

i>k

and it is sufficient to prove that the latter quantity goes to zero. We write

B i—1 ) 1>k r; exp( 22] e T )
Tk Z r; exp | —2 z; T; = - T
j=

i>k
E»k T eXp( QZJ o’ )
rk—lexp( 22] —0 " )
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Since both numerator and denominator are decreasing in k£ and go to zero as k — 0o, we can apply the Stolz—Ceséaro theorem
(an analog of L'Hépital’s rule for discrete sequences):

Zz>k T, exp( 22] o7 ) TIZQQXP( QZ] 0T )

lim = lim
k -1 k —1 —27r
vy exp( 22;0; ) T (rt —e ’”Tk+1 exp( 22;0] )
—2
r _
= lim k__ (since, for large enough k, e > <1 —r;")
k— o0 (7‘_1 _ 6—27‘ ’f'_l )
k k+1
-2
r
< lim 711“
koo 1) Trpr T T Thtt
=0,
where the last line is due to our sufficient condition. O

Now we are ready to prove Theorem S.14.
Part 1, if direction, first term: We have

oo oo 1
= )\Z == O ’
S0 (Y ot
which is O(1) for 8 > 1.

Part 1, if direction, second term: By Theorem S.16, it suffices to prove that lim,_, . ~* = co. This holds because

1
Zi>n ilogh (141)
Th = ———— & = O(nlogn),
(n+1) logh (24n)
since 8 > 1.

Part 1, if direction, third term: By Theorem S.17, it suffices to prove that r,;2 = 0(7“,;1

Tiiy), that is
-2
.
lim —% — =0

—1 —1
k— oo 'r']C —_ Tk+1

or, equivalently,

Tk+1

lim ——— =0.
k—oo Tk (Tk+1 — Tk)

As argued above, when o =1 and 8 > 1, r, = O(klogk), so it suffices to show that limg_ e (rg+1 — %) = 0o. We have

Zi>k+l Ai _ Ei>k Ai

Thal — Th =
k1 F Ai+2 Ak+1
(O = Xer2) Doy Ad) = Mt Ak
N Ak41 k42

1
= E i
<()\k+2 )\k+1> i>k+1 >
1 1
li — A = 00.
kﬂfﬂo@m M)Z o

11 /°° L
Mtz Aev1 ) Jiq zlogh

(1 1 1

- </\k+2 - )\k+1> (B—1)log? Y (k+1)

_ (k+2)log’(k+3) — (k+ 1)log” (k + 2)
(8= 1)1og? ' (k +1) '

so it suffices to show that

Since A; is non-increasing, we have

1
i
(/\k+2 Ak+1 ) Z

i>k+1

I \/
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-1

If we define f on the positive reals by f(z) = zlog”(x + 1), then f is convex, and, since f'(z) = w +log?(z + 1),
we have

ogh—1
(k+2)log” (k +3) — (k+ 1)log?(k +2) _ “HRE— + log” (k +2)
(8—1)log" ' (k+1) - (B-Dlog" ' (k+1)

which goes to infinity for large k, completing the proof of the “if” direction of the third term of Part 1.
Part 1, only if direction, a > 1: If & > 1, then

1
Zi>n 19 logh (144)
Th = —————

1

na logh (1+n)

<oy doeT k)
=i log? (1 +4)

<n® l

>n

_ nao(nlfoz)7

which does not grow faster than n. Thus, by Theorem S.16, k*(n)/n does not go to zero.
Part 1, only if direction, @ < 1, or a =1 and 8 < 1: In this case, since, as above

and E:; m diverges in this case, @ does not go to zero.
Before starting on Part 2, let us define 7, = 7 (X,) and Ri,n = Rie(Xn).
Part 2, if direction, first term: We have

TO’HZZAi'n:Zil‘HXn §1+a7n,
=1 =1

141
An

v + . . .
so = < —2n which goes to zero with n if a, = w(1/n).
Part 2, if direction, second term: First,

Tem = (k+ 1)1+an Zi*(uan)

i>k
oo
> (k+ 1)“”‘" / p~(Fan) g
k1
_k+1
=

Thus, k™ (n) = O(ann), so that @ = O(an) = o(1).
Part 2, if direction, third term: We bound Ry, from below by separately bounding its numerator and denominator:

Zi—(1+&n) 2/ x—(1+0<n) dx

i>k k+1
. 1
T an(k A+ 1)en’
and
2t S/ p-20an) g0
i>k k
. 1
T k2o (2a,, + 1)
so that o )
ko 2a, + 1) k 1 on
Rpn>o VT 5 B (1o - . S2
B AR (ke + 1) *a%x< k+1) 152
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So now we want a lower bound on k*(n). For that, we need an upper bound on ry, ., and

o0
Thm < (k + 1)1+ocn/ m*(lJran)dx
k

(e

Qnp
< %ea"/k.

Qn

This implies M an /K" (1) > bn. This, together with the fact that, for u > 1, ue /% is an increasing function of u, implies

that, for large enough n, k*(n) > anbn/3 Since ap = w(1/n), this 1mphes that k*(n) = w(1). Combining this with Eq. [S2],
for large enough n

E*(n) _a./k* () - k'(n) bn
* > —= " > > .
Riex (yin 2 ol € ~ 202 T 6an
Thus n/Ri=(n),n = O(an) = o(1).
Part 2, only if direction, a,, = O(1/n): We have
— 1 1
Ton = e 2
=1

so T > al , which is bounded below by a constant for large n if o, = O(1/n).

Part 2, only if direction, «a, = Q( ): Recall that, in the proof of the “if” direction of the third term, we showed that
k*(n) > aybn/3. This implies that & "> = Q(an).

Part 3: Suppose that X, is benign. Then because Ri(3n) < pn — k, we must have p, = w(n). Thus, we can restrict our
attention to the sequences for which p, = w(n) and find the necessary and sufficient conditions for that class.
Next, for any positive a and any natural number k € [1,p,), we can write

/p” adx>z a>/
k

i=k+1
Pn
Flpa) — F(k) > > i > F(pa) — F(k+1),
i=k+1
where

1 pl-a g 1
Fla) = =T, oraf ,
In(z), for a = 1.

As the sequence can only be benign if £* = o(n), we can only consider values of k that do not exceed some constant fraction

of n, e.g. n/2. Since p, = w(n), noting that, for z > 0, the sign of ﬁxl_a flips when « crosses 1, we can write, uniformly for
all k € [1,n/2],

Pn Oa (p}1 O‘) , for a € (0,1),
i %= ¢ 04 (In(pn/k)), fora=1,
i=k+1 O, (kl "‘) , for oo > 1.

Recall that we consider \;,, =i~ for ¢ < p,. Using the formula above, we get uniformly for all k € [1,n/2]

Oa (k%pn=*),  for a € (0,1),
re(En) = Oq (KIn(pn/k)), for a=1,
O (k), for a > 1.

Recall that £* = min{k : 7%(Z.) > bn}. We compute
1-1 1
O. (pn "na) , for a€(0,1),

E =40, m), fora=1,
O (n), for a > 1.

One can see that for a > 1, k* = Q4 (n), so the sequence is not benign for ae > 1. On the other hand, k* = o(n) for a < 1.
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Next, analogously to the asymptotics for r;(X2), we have

Ou (k%‘p}f%‘) , for a€(0,0.5),
me(22) = { O (kIn(p,/k)), for a=0.5,

O. (k), for a € (0.5, 1].
Since Ry = ::gz, we can write uniformly for all k € [1,n/2]
Oa (pn), for a € (0,0.5),
R — SN (Mf%) , for o = 0.5,

B4 (kQO‘_lpi_Qa) , fora € (0.5,1),
Oa (ln(pn/k)Q) , for a = 1.

Now we plug in k* instead of k. Recall that p,/k* = ©, ((pn/n)l/o‘) for a € (0,1), and pn/k™ = On (pn/nIn(pn/n)) for
a=1. We get

Oa (pn), for a € (0,0.5),

n/n —
@Q nm) 5 fOI' o = 05,

1’
Oa (n (%") E 1) , for a €(0.5,1),
Oa (ln(pn/n)z) , for a = 1.
Since p, = w(n), for any a € (0,1), Ri= = w(n). For @ = 1 the necessary and sufficient for Ry« = w(n) is In(pn/n) = w(y/n).
So far, we obtained the necessary and sufficient conditions for the last terms to go to zero. Now let’s look at the upper
bound for the first term. We write, for a € (0, 1],

P -
ro = Zi—a _ {ga (Pn ) , for a € (0,1),
i=1 o

(Inpn), fora=1.

Rk* =

Thus, for a < 1, ro(X,)/n goes to zero if and only if p, = o (nl/(lfa)), and for a« =1, r9(3,)/n goes to zero if and only if
In(pn) = o(n).
Part 4: Suppose that ¥, is benign. Then because Ri(X3,) < pn, — k, we must have p, = w(n). Also,
tr(Sn) = O (1 — e "7 + puen)
=0 (1+ pnen),
and so prée, = o(n). Since X, benign implies k* = o(n), and hence k* = o(p»), we consider k = o(py). In this regime,
Z Ai =0 (67k/7_ - 67pn/T + (pn - k)en)
i>k
<6 (e_k/T + Pnen) .
Thus, whenever k < py,
—k/T
e + Pnén
() < © </+> '
Notice that

d ntn n — Pntn
7$+p€ _ € Pne€ <0,
dr z+en (x4 €n)?

so k™ must be large enough to make
e ™7 4 puen
e~k + €,

=Q(n).

Substituting k = 7In(n/(pren)) — a gives

re(n) < 6 <pn€n/n+pn€n)

pnen/n + €n

Pné€n
° (7ie)

=0(n),
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which shows that k* > 71n(n/(pnen)) — O(1). Thus, if ¥, is benign, we must have k* = o(n), that is, enp, = ne ™.

Conversely, assume p, = (n) and €,p, = ne°™ (that is, In(n/(pnen)) = o(n)). Set k = 7In(n/(pnen)) —

which we shall see is ©(1). Notice that k = o(n), so p, — k = Q(p») and e = o(e™*). Thus,
D Ai=0(eT— e 4 (pn — k)en)
i>k
=0 (e_k/T +pnen) ,
Z M =0 (eiQk/T —e P 4 (p, — k)ei)

i>k
=0 (E_Qk/T —|—pne721) .
These imply

(1 + pnen),

tr(
- e_k/T +pn€n>

efk/r + €n

<apnen/n + pnen>
(

apnen/n + €n

Pn€n
apnén/n

=0 (n/a),

$,) =©
(S.) =0
-0
=0

which shows that k* = 7In(n/(pnen)) + O(1). Also, we have

Ru(En) = © <</+p>>

e2k/T 4 preq,
(Pnén/n + pnen)” + pren)?
p2e /n? + pred
_ ann
P22 /n? + pped

= mln{n ,pn}).

R@:O(%m+1+mww%m+mw{{n}>

n n n pPn

I
@

Combining gives

Now, it is clear that p, = w(n), enpn = o(n), and €,pn = ne”°™ imply that &, is benign.
Part 5: For k < sp,
k(Xn) = (sn — k) + €n(pn — sn).

All the eigenvalues beyond the s,th are the same. Thus, for k > s,, we have r(X,) = Re(Xn) = pn — k.

a, for some a,

Now, for n/Ry+(2Xn) — 0, we need pn, = w(n), so ro(Xy)/n goes to 0 iff s, = o(n) and e€xpn = o(n). Also, k* = s, so k*/n
goes to zero iff s, = o(n). Notice also that p, = w(n) and s, = o(n) imply that n/Rk-(X,) also goes to zero. Thus, ¥, is

benign iff
Sn = 0(”)7 €nPn = 0(”)7 Pn = W(n)

Part 6: Notice that, for 1 < k < pp,

(1—0)2 <1+6%—20cos(km/(pn+1)) < (14 6),

and hence
(P —k)(1 - 6)* (pn —k)(1 4 6)*
N ez T
Also,
(P — 1)(1 = 60)%c, (P — D)(1 +6)%cn
1107 +1<ro < o7 +1.

Thus, ro/n — 0 iff pre, = o(n). For n/Ry~(X,) — 0, we need p, = w(n). Conversely, if p, = w(n), k* =1, and then k*/n — 0

and n/Ri~(X,) — 0.
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J. Upper bound on the B term. We can control the term 6* ' B6* in Lemma 2 using a standard argument.

Lemma S.18. There is a constant ¢, that depends only on o, such that for any 1 < t < n, with probability at least 1 — e~ ",

0* T Bo* §c|0*||2||2||max{ TO(E)’TO(E)’\/?},
V n n n

(1 -xT(xxT) X) XT=x"-x"(xx") ' (xx")=0. S3]

Proof. Note that

Moreover, for any v in the orthogonal complement to the span of the columns of X T,
(1 X" (xxT) X) v =0
Thus,
I-xT (xxT) x| <1 [S4]
Now we can apply Eq. [S3] to write
0 Bo =07 (I X" (xxT)™ X) s (1 -xT(xxT) X) 0"
=07 (1 X" (xxT)™! X) (2 - lXTX) (1 -XT(xxT)™ X) 0.
n
Combining with Eq. [S4] shows that
1
0" T BO* < Hz _ EXTXH 16712

Thus, due to Theorem 9 in (4), there is an absolute constant ¢ such that for any ¢ > 1 with probability at least 1 — e,

0" BO" < 0" |5 ma {\/ \/; t}

 Ele])? .
"= IEH =3 A=l

i

3 \

where

K. Another lower bound. In this section, we prove the second paragraph of Theorem 1.

First, note that, without loss of generality, ||X||s = 1 and [|6*|| = 1, since scaling these scales the excess risk by ||X]|2
and ||0%||? respectively. This implies Ay = 1, and we may further assume without loss of generality that ¥ = diag(\1, M2, ...).
Define s = °°  Ai. We may also assume that

7"0(2) c
nlog (1 4+ r9(X)) = [S5]

since, otherwise, the lower bound is vacuously satisfied.
Define a metric p over H by

plu,v) = /(@ — 0TS —0),
so that, informally, a successful learning algorithm achieves p(é, 0) < \/7o.
Definition S.19. Define sets S1,S2,... of indices as follows. Let S1 = {1}; let So = {2,...,12}, for the least iz such that

212:2 /\? > 1. Continue the same way as long as possible; for all j > 2, let S; = {i;-1,...,4;}, where i; is the least index such
that 3707, X > 1.
—ij_

Lemma S.20. Definition S.19 produces Q(nlogn) sets.

Proof. For all j, Zies Ai < 2. Thus, for all k, ZKL = Zj<k Y ies, Ai < 2k. Assume for contradiction that, for
= J

k< W, after Sy, it is not possible to add any more sets. Then ) Ai < w, and, since no more sets can be added,

i<ip,

Sy
Zzl i <1+ w We claim that, for large enough n, this contradicts the assumption that Z:l_l) > can. To see

1n(1+ = N
=
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why, consider the function ¢ : R" — R defined by ¢(s) = m The function ¢ is increasing for s > 1, so it suffices to show
that ¢ (1 + W) < con, and

1 1 + conlnn
o1+ 2520 = S
In (24 <255n)
yielding the contradiction and completing the proof. O

Definition S.21. If the number of sets produced by the process of Definition S.19 is finite, let d be this finite number. Otherwise,
let d = [nlnn].

Now, informally, we, in our role as an adversary, commit to assigning all covariates in S; the same weight. The following
definition formalizes this idea.

Definition S.22. Define a mapping ¢ from R? to H as follows. For w € R?, ¢(w) = 0 where, for all j in [d], for all i in S;,
0; = wj. For alli>iq, 0; =0.

We would like to show that applying ¢ to an Lo packing yields a p-packing, which is done in the following lemma.
Lemma S.23. For all u,v € R", p(¢(u), ¢(v)) > [|lu —v||.

Proof.

p(6(w), 6(0)* =D Nild(u); — ¢(v);)*

O

Let A be the least-norm interpolation algorithm. We will bound the accuracy of A by bounding its performance in terms
of an algorithm C built using A as a subroutine, as was done in a related context in (10). The definition of Algorithm C
is illustrated in Figure S1, which is reproduced from (10). The definition uses the function Q. that rounds its input to the

Algorithm i
Y g\ A
T P
n
observation
noise
Algorithm B
x
Algorithm| |,
y Y o1 ) A
+ Qq +,
\l/ [ Y \1/ P,
] ¢
observation uniform
noise noise
Algorithm €'
x
Algorithm] | -,
Y 1
Qa . B
| Py
, simulated
observation
noise

Fig. S1. A diagram illustrating the definition of Algorithm C'.

nearest multiple of a. Algorithm C applies algorithm A to training data whose response variables have been modified. For
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each example (z,y), and simulated artificial noise ¢ distributed as N(0,1), and artificial noise ¢ distributed uniformly on
(—a/2,a/2), Algorithm C gives (z,y + Qa(e) + {) to A. The following lemma is similar to Lemma 5 of (10). One important
difference is that we show that Algorithm C approximates the linear function parameterized by 6*, not its discretization.

Lemma S.24. If the linear interpolant algorithm A has error T from n examples drawn from N (0, %) with independent N(0,1)
noise with probability 1 — 0, and
a < min {i, 27}
2n

then, in the absence of noise, Algorithm C, given n ezamples of the form (x,Qa(07x)), with probability 1 — 26, achieves
p(0,0%)? < 1.

The proof of Lemma S.24 will be deferred until we have proved some more lemmas.
Recall the definition of total variation distance, drv (P, Q) = supg |P(E) — Q(E)|. The following lemma is implicit in the
proof of Lemma 6 of (10).

Lemma S.25. Let n,v be random variables that are distributed according to N(0,1) and let ¢ be uniform over [—a/2,a/2].

(a) For any y € R, if P1 is the distribution of y +n and P» is the distribution of Qa(y +n) + ¢, we have drv (P, P2) < a.

(b) For anyy € R, if P is the distribution of Qa(y +n) and Py is the distribution of Qa(y) + Qa(n), drv (Ps, Ps) < a.
We will use the following, which is implicit in the proof of Lemma 8 of (11).

Lemma S.26. If Pi,..., Py, Q1, ..., Qn are probability distributions over a domain U, and x is a [0, 1]-valued random variable
defined on U™ then

511,700 ~ B[] 0, 00| < L drv(7.Q0)

Now, we are ready to prove Lemma S.24. The proof closely follows the proof of Lemma 5 in (10).
Proof (of Lemma S.24). Let A(X,e,0") be the output 0 of the least-norm interpolant when the covariates are X, the noise is
e, and the target is 0*. Let A(X,y) be the output 0 of the least-norm interpolant when the covariates are X, and the response
variables are y, and let sam(X,¢e,0") = (X, X0" + €) be the input arising from covariates X, regressor 6" and noise €.
By assumption
N(0,%)" x N(0,1)"{(X,¢e) : p(A(sam(X,e,6%)),6%)> > 7} < 4.

Let ¢; be a random variable with distribution U,, where U, is the uniform distribution over (—a/2,a/2). Let B be the
randomized algorithm that adds noise (; to each y; value it receives, passes the result to Algorithm A, and returns A’s output.
Fix X, and define

E={e€R": p(A(sam(X,¢,0)),0) > 1}
By ={y eR": p(A(X,y),0")° > 7}.
We have B
N(0,1)"(E) = (H P) (Bv),
t=1
where Py ., is the distribution of (6’*)Txt + &¢.

Define P,|,, as the distribution of Qa((0") Tz + €;) + (. From Lemma, S.25, drv (Pi|z,, Pajz,) < . Applying Lemma S.26
with x as the indicator function for F1,

|<H Pzzt> (E1) — <HP1zt> (E1)

(H P) (1) < (H P) (Bx) +6/2 = N(0,1)"(E) +6/2.

Let P, be the distribution of Qu ((6*) 2: + £:), and let

< an.

. Ky o .
Since a < 5, this implies

Bz ={(y,¢) €R" xR" : p(A(X,y +¢),0%)* > 7}

so that

(Hpmf,) (Er) = (H(Pslzt x UZ)) (Es).

t
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Let Py, be the distribution of Qa((6*)"2¢) + Qa(et). Applying Lemma S.26, we get

(H(Psm X UZ)) (E3) — <H(P4|zt X U;”)) (E3)

t t

m
< Z drv (Ps)z,, Paja, )-
t=1

From Lemma S.25, drv (Ps|q,, Paje,) < @, so

(H(Pm x US)) (Bs)

t

IA

(H(PM x U:;)> (Es) +6/2

t

= (H P2|zt> (B1) +6/2

< N(0,1)"(E) + 6.

Averaging over the random choice of X, the probability, for (X,(,e) distributed as N(0,2)" x USF x N(0,1)", that
P(A(X, Qu(X0%) + Qale) +€)),0%)* > 7, is at most

(N(0,2)" x N(0,1)"){(X,e) : p(A(sam(X,e,0"),0%)> > 7} + 6 < 20.

But A(X, Qa(X0%) + Qa(e) + €) is the output of the randomized algorithm C, so this completes the proof. O

So, informally, we have shown that if the least norm interpolant can learn unit length weight vectors with noise and N (0, X)
data, then there is an algorithm C than can learn from quantized data without noise. The next step is to lower bound the
error of C.

Recall that we have fixed an n, that s def Zf; Ai > cn, and that ¥ = diag(A1, A2, ...).

We will use the following, which is an immediate consequence of Corollary S.6.

Lemma S.27. For each row x¢ of X, and each g > 1,
Pr(||z]| > ¢v/5) < exp(—q°/c).

The proof of the following lemma borrows heavily from (12).

Lemma S.28. If 1/a = O(n), there is a constant T such that, for any regression algorithm C, for all large enough n, if C is
given n_ezamples of the form (X, Qua(X0%)), if the rows of X are n independent draws from N(0,X), with probability at least
1/2, its output 0 satisfies p(0,0*)* > 7.

Proof. For 7 > 0 to be chosen later, assume for contradiction that, with probability 1/2, p(é, 0*)2 < 7. For an absolute constant
cs3, let G be a set of (1/7)°*® members of the unit ball in H that are pairwise separated by 31/7 w.r.t. p so that, for distinct
members g, h of G, p(g, h)* > 97.

For each X € R"**°, and each 0 € H, define

1 i p(C(X, Qu(X0)),0* < 7
¢(X,0) = { 0 otherwise
and define
S =Ex [Z H(X, a)} .
6ec
Our assumption about the learning ability of C' implies that

S >1G|/2 = (1/7)=/2. [S6]

For any g, h € G for which Qa(Xg) = Qa(Xh), since p(g, h) > 34/, it cannot be the case that both ¢(X, g) and ¢(X,h) are
both 1. Thus, recalling that x1, ..., z, are the rows of X, and that all elements of G have length at most 1, we have

S <Ex({Qa(Xg): g€ G}|)

= EX(|{QD¢(X9) HYAS G}‘]lmaxt H:ttH<\/§) + ZEX(HQO&(XQ) 1g € G}H]-Lmaxt H%H/SJ:i)

=1

< (04\/§> n Z(i\/g/a)" x Pr(max [|z.[| > i/s)

«
i=1

< <C4\/§>n + Z(i\/g/a)n xne™" /% (by Lemma S.27)

«
=1

< cgn <C4(;/§) .
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Since 1/a = O(n)

{Qa(Xg) : g € G}| < exp(O(nlog(ns))) = exp(O(nlog(nd)))

since d = O(s). Since d = Q(nlogn), for large enough n and small enough 7, this contradicts Eq. [S6], completing the proof. [

Now we are ready to put everything together to prove the second paragraph of Theorem 1. By Lemma S.24, it suffices to
prove that, for a small enough constant 7o, if 1/oc = O(n), with probability 1/2, Algorithm C, given examples (z, Qa (0" x)),
with probability 1/2, fails to achieves p(,0*)? < 7o. By Lemma S.28, this is the case, completing the proof.
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